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joint models

there are many scenarios, where data on two or more phenomena

have been collected within a shared spatial domain, e.g.

• two surveys on the same species using the same sampling

approach

• two surveys on the same species using different sampling

approaches

• a survey on several species

• marked point patterns

• ...

these can be modelled with models with more than one

likelihood

inlabru can be used to fit these models in a straightforward way
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recall: marked point patterns

marked point patterns:

• data format: x,y coordinates

optional: properties of objects represented by the points

(“marks”)

• aim: model the locations of objects in continuous space

• locations are being modelled and are considered random

• marks only take values in locations where there is a point

the marks might depend on the (intensity of) the point pattern!

aim: fit a model jointly to pattern and marks

a model with two likelihoods
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joint model...

we have two likelihoods – and two linear predictors

• the first one (e.g. for the point pattern, e.g. of trees)

η(s) = β1 + ω(s) + e1(s),

• the second one (e.g. marks, e.g. dbh (diameter at breast

height) of trees); depends on the pattern through a joint

spatially structured effect

κ(s) = β2 + β3 · ω(s) + e2(s),

where e1 and e2 are uncorrelated error terms.



or a slightly more complicated model

• the first one

η(s) = β1 + ω1(s) + e1(s),

• the second one depends on first one through a joint spatially

structured effect

• and also has its own spatial structured field ω2(s)

κ(s) = β2 + ω2(s) + β3 · ω1(s) + e2(s),

where e1 and e2 are uncorrelated error terms



joint models in inlabru

example in practical – very simple exercise on simulated data:

two likelihoods

• the first one assuming Gaussian response

y1(s) = β1 + ω(s) + e1(s),

• the second one assuming a Poisson

y2(s) = β2 + β3 · ω(s) + e2(s),

where e1 and e2 are uncorrelated error terms
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joint models in inlabru

model components:

note: the “copy feature” – we cannot use omega1 twice,

we need to create a copy of it, using copy

the likelihood and call to bru:
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koala data – marked point pattern data

• study conducted at the Koala Conservation Centre on Phillip

Island, near Melbourne, Australia, 1993 - 2004

• ≈ 20 koalas present in the reserve at all times throughout

study; reserve enclosed by a koala-proof fence

• koalas feed on eucalyptus leaves which are toxic to most

animals; koalas have adapted to this

Do the koalas feed selectively, i.e. do they choose trees with the

least toxic/ most nutritious leaves?
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complexity – marked point pattern

marks for each tree:

• mark 1: leaf samples taken from each eucalyptus tree and

analysed for palatability

• mark 2: tree use by individual koalas collected at monthly

intervals between 1993 and March 2004

fit joint model to:

• tree locations depend on (unobserved) soil nutrients levels and

local clustering

• palatability depends on spatial pattern (through soil nutrients

levels)

• koala visitation depends on spatial pattern, palatability

⇒ INLA with multiple likelihoods
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The spatial pattern with the leaf marks and the frequency marks
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three latent fields...

• for the pattern of trees we have

η(s) = α1 + ω1(s) + e1(s)

• the marks m1 depend on the pattern through a joint spatially

structured effect

κ(s) = α2 + β1 · ω(s) + e2(s),

• the marks m2 depend both on the spatial pattern through a

joint spatial effect and on the marks m1

ν(s) = α3 + β2 · ω(s) + β3 ·m1(s) + e3(s),
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joint models

we can also fit

• joint models to two (or more) spatial patterns (accounting

for shared environmental preferences)

• joint models of covariates AND the pattern (accounting for

measurement error)

• joint models of replicated patterns

• spatio-temporal model of several species

• general measurement error models

• models for preferential sampling...

⇒ INLA with multiple likelihoods
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reintroduction of cranes into the UK – background

• UK resident population extirpated in the 16th century

• re-established by a single breeding pair in 1979 through

immigration from mainland Europe

• population boosted by further immigrants and a

reintroduction project from 2010-2014

• only breed in wetlands...



modelling in fragmented habitat

• range expansion – which wetland habitats are likely to be

colonised?

• looking at presence of the species in relation to environmental

covariates alone could be misleading

⇝ some habitats may be outside of the population’s current

range

⇝ cranes won’t nest where there is no wetland



the fancy spatio-temporal marked point pattern model

data:

• spatial point pattern reflects wetland locations

• marks: occupancy (nesting) over time (2010 - 2015)

⇝ point pattern used in order to take observation process into

account



the fancy spatio-temporal marked point pattern model

joint model with two responses and likelihoods:

• wetlands: log Gaussian Cox process

• spatio-temporal probability of crane presence, conditional on

the locations of wetlands (AR1)

• shared Gaussian random field reflecting wetland intensity

• additional random field reflecting crane presence through

space and time

⇝ distinguishing between unfavourable habitat and favourable

habitat not within reach yet

Soriano-Redondo et al. 2019, Laxton et al. 2023
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Reintroduction of cranes into the UK – some results

predictions in space and time...



suitable model...?

potential insight here:

• behaviour in near future ✓

• behaviour across years ✓ [not shown here]

• behaviour in more distant future...
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and so...?

• current model constrains spread to southern parts of England

• cranes are likely to continue spreading elsewhere

• no inherent idea of spread in the models

• complex space-time model necessary – but very little data

⇝ joint model – wetlands and crane presence

⇝ point pattern reflects observation process

joint modelling not only relevant for point processes!
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other examples of joint models

joint modelling not only relevant for point processes!

there are many other scenarios where is is relevant

• models with different observation processes

• multi-species models

• models with replicates

• models on different (overlapping) spatial domains – with

different resolutions
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joint modelling: climate data – Philippines

combining data from different sources

• 57 weather stations across the > 7000 islands forming the

Phillippines

• Global Spectral Model (GSM), a numerical weather prediction

model maintained by the Japan Meteorological Agency

• weather stations: sparse but good quality

• weather model: good coverage, but not correct

⇝ model accounts for difference in data quality
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joint modelling: dolphin data – citizen science and survey data



joint modelling: multi-species data – bird data

data on:

• 3 bird species: sparrow hawk, house sparrow and collard dove

• garden bird survey

• delta–gamma model – joint modelling presence and abundance

• 6 likelihoods...

• spatio-temporal model



joint modelling: thymus data – replicated patterns

data on:

• locations of plants

• healths status of plants

• covariates: environmental pressure

• 6 replicates of the pattern



joint modelling: reindeer data – movement data and survey

data

two data sources

• survey data

• GPS tracks



joint modelling: take-home message

• conveniently implemented in inlabru

• it’s fast...

• relevant in many contexts – not just point processes...

• a lot of scope for opportunities
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